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We consider scattering by general compactly supported semi-classical perturbations 
of the Euclidean Laplace-Beltrami operator. We show that if the suitably cut-off 
resolvent of the Hamiltonian quantizes a Lagrangian relation on the product cotangent 
bundle, the scattering amplitude quantizes the natural scattering relation. In the case 
when the resolvent is tempered, which is true under some non-resonance assumptions, 
and when we work microlocally near a non-trapped ray our result implies that the 
scattering amplitude defines a semiclassical Fourier integral operator associated to the 
scattering relation in a neighborhood of that ray. Compared to previous work we allow 
this relation to have more general geometric structure. 

1 Introduction and Statement of Results 

We study the semi-classical scattering amplitude at non-trapping energies for compactly sup- 
ported metric and potential perturbation P [h) of the Euclidean Laplace-Beltrami operator 
Pq [h) on M". The scattering amplitude at energy A > is the amplitude of the leading term 
in the asymptotic expansion of an outgoing solution of (P {h) — X)u = as \\x\\ = r — oo. 
We prove that the scattering amplitude quantizes the natural scattering relation in a sense 
of global semi-classical Fourier Integral Operators. 

1.1 A Survey of Earlier Results 

The structure of the scattering amplitude has been of considerable interest to researchers in 
mathematical physics. To outline the earlier results, we begin by making some definitions. 
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Let cuo G and for z G uJq, with z its coordinate representation in W' 
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be the unique phase trajectory such that 
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in the C°° topology for the impact parameter z. Then there exist ,^00 A) , Too {z; A) G 
C°^{uj^) with ^ooiz; A) E such that 
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in the C°° topology for z. The trajectory {goo (t; z, A) ,Poo {t; z, A)} is then said to have initial 
direction uq and final direction 6*0 = ^00 (-2^5 A) and ^0 is said to be non-degenerate, or regular, 
for ujq if for all z E Uq with ^00 {z; A) = 9q, the angular density a {z; A) for the trajectory 
{goo (t; z, A) ,Poo {t; z, A)} satisfies 

a{z;X) 



det ( ^00, 
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dz 
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The first asymptotic expansion of the semi-classical scattering amplitude was given by 
Vainberg [20] • He considers the semi-classical Schrodinger operator with a potential V G 
C^(M"';M) and assumes For the associated scattering amplitude at energies A > sup 
he then proves an asymptotic expansion of the scattering amplitude in the form 



f{e, A) = ^ <7 {zj] Xy^^^ exp {ih^^Sj - + O (h) 



(3) 



where = {^ooi''^'^))i^o), Sj is a modified action along the j— th {ujo,9) trajectory, 

6 E U, where U C E>"'~^ is a sufficiently small open neighborhood of 60, and fij is the path 
index of the trajectory. The error term is estimated uniformly in 6' G ?7. 

Majda [Zj considers scattering processes defined by the classical wave equation in the 
presence of a convex obstacle in R" where n = 2, 3. For Dirichlet, Neumann, and in the 
case of three-dimensional space, impedance boundary conditions, he proves an asymptotic 
expansion of the scattering amplitude, the leading term of which is the product of the 
Gauss curvature and the reflection coefficient evaluated at a point on the boundary of the 
obstacle. In this setting the scattering amplitude is the coefficient of the leading term in the 
asymptotic expansion of an outgoing solution of the reduced wave equation. To establish 
the aforementioned result, he studies the radiation pattern of a solution which approximates 
this outgoing solution near the boundary of the obstacle. He also applies his main result 
to inverse scattering problems for convex bodies with the above boundary conditions. In 
particular, he proves that both the shape of the boundary of the obstacle and the nature of 
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the boundary conditions are completely determined by the asymptotic limit of the scattering 
amplitude. 

Guillemin j^j discusses similar asymptotic expansions. He studies the behavior of the 
scattering matrix in several different settings: on a compact manifold, in obstacle scattering, 
for a compactly supported perturbation of the Euclidean metric on M", and for a quotient 
Riemannian manifold. In each case, he presents formulas for the kernel of the scattering 
matrix at energy A of the form 



under the assumption that there are scattering rays with initial direction uj and final 
direction ^, where Tj is the sojourn time of the j— th scattering ray and Jj is the scattering 
differential cross-section evaluated at the point of incidence of the j— th scattering ray. In 
the case of the quotient, the scattering matrix is a unitary matrix of size depending on the 
topology of the manifold. For each energy level A its j/c— th entry has the form 



To derive these results, Guillemin uses the representation of the scattering operator in 
terms of the wave operators. He also derives a formula for the scattering differential cross- 
section in the case of scattering by a smooth convex obstacle from which he deduces that 
the asymptotic behavior of the scattering amplitude determines the shape of the scatterer. 

A different form of the asymptotic expansion of the scattering matrix was given by Protas 
[TK] . He works in the setting considered by Vainberg [201 and proves an asymptotic expansion 
of the scattering amplitude in terms of canonical Maslov operators. This expansion holds 
for a fixed initial direction and uniformly in an open set containing the final direction and 
disjoint from the initial direction. 

Yajima [22] was the first to prove an asymptotic expansion of the form of the scat- 
tering amplitude for potential perturbations V G C°°(R"';R) of the semi-classical Laplacian 
satisfying ^ for a constant /i > max (l, . He also works at non-trapping energies and 
with outgoing directions non-degenerate for the initial directions. His results, however, are 
only valid in the sense and under the non-trapping assumption and for outgoing directions 
which are non-degenerate for the fixed incoming direction. 

Robert and Tamura jTHI work in the same setting as Yajima |22] with /i > 1. For scattering 
amplitude at non-trapping energies A > 0, which now satisfies 
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they establish an asymptotic expansion of the form (jH]) with 

Sj = I (boo it- z^, A) 1 72 - V (goo it- z^, A)) - \) dt - Ir^ {wf A) , V2\e) . (4) 

J —oo 

Michel jH] works in the same setting as Robert and Tamura but he allows the energy level 
to be trapping while satisfying the condition 

There exists a neighborhood W of ujq ^ such 
that Vcj' E W,yz E {i^')'^ lim |goo {t, z, tu') \ = oo. 

f— >oo 

He further assumes that there exists e > such that the resonances \j satisfy \'^Xj\ > Ch'^ for 
KAj E [A — e, A + e] . Under these assumptions he establishes the same asymptotic expansion 
of the scattering amplitude Like Robert and Tamura, Michel also uses Isozaki-Kitada's 
representation formula of the scattering amplitude. 

1.2 Statement of Main Theorem 

In this article we analyze the semi-classical scattering amplitude from a different point of 
view and without making any geometric assumptions on the scattering relation such as (j21). 
We show that under a microlocal assumption on the resolvent, essentially the assumption 
that a suitably cut-off resolvent quantizes the flow relation, the scattering amplitude is a 
semi-classical Fourier Integral Operator associated to the classical scattering relation. In 
other words, it quantizes that canonical relation. 

We will work in the abstract "black box" framework of ^7] which means that we can 
formulate our hypotheses independently of the structure of the scatterer. We refer to Section 
l2.2l for the definition of the scattering amplitude A{X, h), and to jU Section 3.2] for a complete 
characterization of the class of semi-classical Fourier integral distributions It. We also review 
briefly the definition of semi-classical Fourier integral distributions in Section lTTl The notion 
of microlocal localization is also reviewed in Section ITTl 

To state our main theorem, we also let 

TTi : T*S""^ X T*§"~^ X T*W x T*R'' T*§"-^ x T*S''-^ 

and 

TT2 : T*§"-^ X T*§"-^ X T*W x T*W T*W x T*W 

denote the canonical projections. We further introduce the following Lagrangian submanifold 
of 

T* (§"-^ X §"-1 X X R") 
depending on the real energy A > : 

A(A) = {{m,df{m)) : m E S""^ x S^^^ x R"\5(0,i?o) x R"\S(0,i?o)} 
/(m) = -V2\{x, u) + V2\{y, 9), m = {u, 6, x, y). 
Lastly, we make the following two assumptions: 



4 



Assumption 1 There exists s G M such that for every (p G C^(M"), (p = const, on 

Assumption 2 There exists a Lagrangian suhmanifold Kr{X) C 1x2 {^{^)) ofT*W^ x T*M"' 
such that 

for every Xj e C,°°(R"\fi(0, i?o)), J = 1, 2, supp xi n supp X2 = 0, 
/^i^X2W)xi e /a^'^ X M'\ A^(A)) , 

where D G \1/^(1,]R" x M") a microlocal cut-off to a neighborhood of 

I {xQ + tujQ,yQ + 56*0, \/2\ujQ, -V2X9o^ : s G [si,S2],t G [^1,^2]}, 

/or some fixed si < S2 < 0, ti > ^2 > 0, uq, Oq, xq, and yo, where K^^ji(^x,h)xi denotes the 
Schwartz kernel of the cut-off resolvent. 

The last assumption means that the cut-off resolvent is a Fourier Integral Operator microlo- 
cally near some incoming and outgoing directions. The first assumption is made so that the 
notion of applying semi-classical pseudodifferential operators (which here are defined up to 
residual terms in 0{h°°)) makes sense. It will be used explicitly in the discussion of the 
resolvent near a non-trapped trajectory in Sections 15.21 and 15. HI 

We also note that implicit in our assumptions is the fact that A is non-resonant, in the 
sense that the resolvent does not have a pole at A. 

We can now state our 

Main Theorem. Suppose that Assumptions 1 and 2 hold. 
Then 

TTl O (7r2|A(A))^ A/? (A) 
is a smooth Lagrangian submanifold ofT*S"^^ x T*S'^~^ near 

P= (^ujQ, -V2\d^{xo,ujo); 9o,V2\dg{yo,9o)^ 

and for every C G S"""*^ x S""^) with symbol supported near p we have 

CKAix,h) e (S"-' X §-i,7ri o (7r2|A(A)))"' (Afl(A))) , 

where KA{x,h) denotes the Schwartz kernel of the scattering amplitude. 

In the special case when the non-degeneracy assumption Q holds we recover the phases 
dU in - see Theorem El below. We expect that a finer analysis based on our method 
would give a precise description of amplitudes. What is different here is the fact that we 
can handle the cases in which the scattering relation cannot be parameterized simply. That 
always occurs at the transition between the perturbation and free propagation - see Figure [T] 



5 




Figure 1: A typical trajectory in the presence of a perturbation. At the boundary between the 
perturbed trajectories and free trajectories the scattering relation has degenerate projections 
to the (6', uj) variables. 

This paper is organized as follows. In Section 11.31 we introduce some of the notation, 
which we will use throughout this article. We review the relevant part of semi-classical 
analysis in Section ITTl The representation of the scattering matrix, which we will use here, 
is given in Section 12.21 Section El is dedicated to the geometric aspects of the problem with 
the scattering relation defined and studied in Section ITTl and the resolvent relation, i. e., 
the canonical relation which we will prove is quantized by the cut-off resolvent, described in 
Section 13.21 The proof of the main theorem is given in Section |3] In Section we discuss 
applications of our main theorem to non-trapping (Section 15. 2j) and trapping (Section 15. 3j) 
smooth compactly supported perturbations of the Euclidean Laplace-Beltrami operator. For 
that, we prove, in Section 15.11 that the cut-off resolvent for such perturbations satisfies 
assumption [21 The microlocal representation of the scattering amplitude analogous to Q 
under the non- degeneracy assumption Q on the angular density is given in Section 137^ Our 
results are applied to an inverse problem in Section 15.2.11 
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1.3 Notation 

In this section we introduce some of the notation which we will use below. We shall denote 
the Euclidean norm on M", by || ■ || and we set B (0, r) = {x G M"| ||x|| < r} for r > 0. On any 
smooth manifold M we denote by a the canonical symplectic form on T*M and everywhere 
below we work with the canonical symplectic structure on T*M. The canonical symplectic 
coordinates on T*M"' will be denoted by {x, ^). For a function / G C°° {T*M) we shall denote 
by Hf its Hamiltonian vector field. The integral curve of Hf with initial conditions (xq, ^o) 
will be denoted by 7(-;xo,^o) = (x (■; xq, ^o) , ^(^ a;o, ^o))- If C C T*Mi x T*M2, where Mj, 
j = 1, 2, are smooth manifolds we will use the notation C = {(x, ^] y, —rj) : (x, ^; y, rf) G C}. 
The Euclidean norm on M" will be denoted by || ■ || and we set -B(a, i?) = {x G M"| ||a — x|| < 
-R}, for i? > 0. For a sequentially continuous operator T : C^(]R'") P'(]R") we shall denote 
by Kt its Schwartz kernel. For such an operator T we use T* to denote the operator with 
Schwartz kernel KTt{x,y) = KT{y,x). Unless otherwise specified, we will use (■, ■) to denote 
the standard inner product on M", C", and L^(M"), and C to denote a positive constant, 
which will be allowed to change from line to line. 



2 Preliminaries 

In this section we present some of the preliminary results we shall use throughout this work. 
2.1 Elements of Semi- Classical Analysis 

In this section we recall some of the elements of semi-classical analysis which we will use 
here. First we define two classes of symbols 



and 



G (M^" X (0, ho]) : Va, /5 G N", sup h' 



d^d^^a (x, e; h) 



<C. 



a,i3 



where ho G (0, 1] and m, /c G M. For a G (1) or a G S"^'^ (T*M") we define the correspond- 
ing semi-classical pseudodifferential operator of class or \Ef™^^(R"'), respectively, 
by setting 



Oph (a) u (x) 



(27r/i) 



for t G [0, 1] and extending the definition to S' (M") by duality (see Below we shall work 
only with symbols which admit asymptotic expansions in h and with pseudodifferential 
operators which are quantizations of such symbols. For A G \E'| ^(1, M") or A G we 
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shall use ao{A) and (t{A) to denote its principal symbol and its complete symbol, respectively. 
A semi-classical pseudodifferential operator will be called of principal type if its principal 
symbol ao satisfies 

ao = =^ dao ^ 0. (5) 

We also define the class of semi-classical distributions P^R") with which we will work 
here 

p;,(M") ={u e ((0, l]-V' (M")) : Vx G (M") 3 iV G N and Cat > : 
\:Fn{xu) {i.h)\<CNh^''{i)''] 

where 

jr^ {u) (e, h)= I e-^<^'«>M (x, h) dx 

with the obvious extension of this definition to £^^(M"). We shall work with the L^— based 
semi-classical Sobolev spaces if'^(M'^), s G M, which consist of the distributions u G P^(M") 
such that ||M||^.(Kn) = (2^/i8n(l + II^IH" \J^h{u){^,h)fd^ < oo. 

We shall say that u = v microlocally near an open set U C T*M", if P{u — v) = O {h°°) 
in (M") for every P G (1, M") such that 

WFh (P) CU,U (£U T*R", U open. (6) 

We shall also say that u satisfies a property V microlocally near an open set U C T*M'^ if 
there exists v G (M'^) such that u = v microlocally near U and v satisfies property V. 

For open sets U,V G T*M", the operators T,T' G (R*^) are said to be microlocally 
equivalent near V x U if for any A, 5 G (R"') such that 

(A) C V, WFh {B) dil.V (^V T*R", U (£U T*R", f/, 1/ open 

A{T -T')B = : (R") ^ (R") . 

We shall also use the notation T = T'. 

Lastly, we define global semi-classical Fourier integral operators. 

Definition 1 Let M be a smooth k-dimensional manifold and let A C T*M he a smooth 
closed Lagrangian submanifold with respect to the canonical symplectic structure on T*M. 
Let r G R. Then the space (A{f, A) of semi- classical Fourier integral distributions of order 
r associated to A is defined as the set of all u G (M) such that 

{h = W {h'^""'^) ,h^0, (7) 

for all G No and for all Aj G (1,^) , j = 0, . . . , A^ — 1, with compactly supported 
symbols and principal symbols vanishing on A, and any An G \1/^(1,X) with a compactly 
supported symbol. 

A continuous linear operator (^i) T^'h (^2) , where Mi, M2 are smooth manifolds, 
whose Schwartz kernel is an element of IJ^{Mi x M2,A) for some Lagrangian submanifold 
A C T*Mi X T*M2 and some r G R will be called a global semi-classical Fourier integral 
operator of order r associated to A. We denote the space of these operators byIl^{Mi XM2, A). 
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2.2 Representation of the Scattering Amplitude 

In this section we define the semi-classical scattering amplitude and derive the representation 
of the scattering amplitude, which will be used in the proof of Theorem 1. The derivation is 
similar to the one presented in |18j . 

We recall that for any 6 G S"""^ and A > there exists a unique, up to a compactly 
supported function, solution ip to the problem {P {h) — X)ip{-,9; X,h) = 0, il:{-,9; X,h) G 
Vioc{P{h)) such that 

ip (x, 6*; \ h) = {I - X {x)) e ~ + ifjacix, 6; A, h), 
where i/jgc satisfies the Sommerfeld outgoing condition at infinity: 

(d/dr - tV2X/h^ i^sc = O (r-("+i)/2^ , as r 
and X e (M") is equal to 1 on 5 (0, i?o) • Then 



X — s> OO 



The function A is called the scattering amplitude. 

Let, now, x\ G Cf (K") be equal to 1 on (0, i?o) and let X2 G (M") be equal to 1 
the support of xi- Let 

V' = (l-Xi)e ^'^sc 

be such that 

{P{h) - A)^ = 0. 

Then 

(P (/i) - A) = - (P (/i) - A) (1 - xOe"^ 



/ _/,2a - a j (1 - xi) = -- [/I'A, xi] 



and therefore 

1 r n T i\/2\(e,-) , , 

V;,e = --i?(A,/i) [/i2A,xi]e^^. (9) 

Then 

(-^/i'A - A^ (1 - X2) ^sc = \ [/i'A, X2] ^.c + (1 - X2) (P {h) - A) V'sc (10) 
Substituting (jSJ into (fTUj) . we obtain 

[-\h'^ - a) (1 - X2) ^.c = \ [/^^A, X2] ^.c - ^ (1 - X2) [/^^A, xi] 



\ [/i^A, X2] 



11) 



since supp Vxi H supp (1 — X2) = 0- Substituting (jH)) into (fTTjl . we obtain 

(1 - X2) i^sc = -\Ro {z, h) [h^^, X2] R {z, h) [/i^A, xi] e""^. 
Therefore, by Proposition 1.1 in 0, we obtain that the scattering amphtude A is 

e ^ — /i^A, X2 R (A, /i) /i^A, xi e — ^rfx, 

_^^n — 3 n — 3 

where c (n, A, h) = -^Tr+n^-^^r and this is the representation of the scattering amphtude, 

which we wih use in the proof of the main theorem. The independence of this representation 
of the choice of the functions Xj^ j = 1)2 with the above properties is proved in |14j . 
Proposition 2.1 in further shows that the scattering amphtude with the constant c{n, A, h) 

n-2 

replaced by c{n, A, h) = ^(^^^„ is also the kernel of ^(A, h) — I, where S{\, h) is the scattering 
matrix at energy A. 

From this representation of the scattering amplitude it is clear that it can be extended 
meromorphically everywhere where the resolvent can be extended meromorphically and that 
the poles of the scattering amplitude are among the resonances. 

We shall now prove two lemmas which give further information about the structure of 
the cut-off resolvent and the scattering amplitude. 

Lemma 1 For A > not a resonance Kji(^x,h) {x, y) = Kji(^x,h){y, for x,y E W^\B (0, Rq) . 

Proof: For u,v & L"^ (M"\i? (0,i?o)) let (i^yv) = J uv. Let u and v be further chosen with 
compact support and let z G C be such that > 0. We then have 

{{R (2, h) u) |Rn\B(o,i?o), ^) = {{R {z, h) u) |E-\ij(o,Ro)' {P (h) - z)R {z, h) v) 
{R{z,h)u) |Mn\ij(o,ijo), (^-^h'^A - z^ {{R{z,h)v) |R-\ij(o,iJo)) ^ 

^h^A-z] {{R{z,h)u)\un\Bio,Ro)) ,{R{z,h)v)\Kn\B{o,Ra)^ ^^'^^ 



2 

= (((P (h) - z) {R (z, h) u)) |iRn\B(o,iJo)' {R h) v) |Mn\ij(o,i?o)) 
= (n, {R {z, h) v) |Rn\B(o,i?o)) • 

Let, now, A G M\ {0} and let {zk)j^^^ C C satisfy "^Zn > 0, Zk ^ X, k ^ 00. Then, from 
p2|l we have that for every k 

{{R {zk, h) u) |Rn\B(o,Ro), ^) = {R i^k, h) v) |Rn\ij(o,Ro)) • (13) 

Letting k 00 in and using the fact that R{-,h) : Ticomp 'Hioc is analytic in the 
upper-half plane and up to the real axis, we obtain 

((^(A,/i)M) |r-\B(0,Ro)'^) = (^7 (^(A,/l)t') |R"\iJ(0,i?,o)) , 

which completes the proof of the lemma. □ 
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Lemma 2 The operator ipiR{z, h) il!2 has a smooth Schwartz kernel K^-^R(^z,h)ip2 when z is 
not a resonance and ipj G C^(W^\B {0,Ro)),j = 1,2, have disjoint supports. 

Proof: Let (/? G C°° (M") and consider 
-h'^A — z] ipiR {z, h) ip2'^ 



R {z, h) il)2'P + -ipi y--h'^A - zj {{R {z, h) V'2V5) |r-\b{o,Ro)) 
R (z, h) ^p2^ + ipi {{P (h) - z)R (z, h) ^2^) |Rn\B(o,Ro) 

R (2, h) 1p2^ + 'ipl'ip2^ 

R{z,h) ij2^ G H-\W). 



Therefore, 



i)iR{z,h) ^2^ G H'^{W) 
Similarly, for every A; G N we have that 



h A — z\ ifjiR (z, h) ijj2^ 



--h^A, 
2 



R{z,h) %l)2^ G H-^{W'^ 



k 



and therefore 
Thus 



i)iR {z, h) i/j2ip G H^iW") for every k. 



^PiR {z, h) ^2^ G (M") . 

This, together with Lemma ^ implies that the kernel of ^/'i-R (A, K) 1^2 is smooth. 
As in [13] we, now, introduce the operators 



[E± (A,/i) /] M 



h / (x) c/x = / ^ 



2Acj 



n-l 



(14) 
□ 



where / has compact support. Then we can express A as 

A (A, h) = c (n. A, h) (E_ (A, h) ® E+ (A, /z)) ( [h'A, X2] ® [/^' A, xi] *) Kx2R{z,h)xi , (15) 

where Xj ^ C*^(I1^"\-B(0, i?o)) are such that Xj = 1 on suppVxj, j = 1,2 and suppxi H 
suppx2 = 0- □ 
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3 Scattering Geometry 

Here we collect the geometric results which we will use in the proof of the main theorem and 
in the applications. 

3.1 Scattering Relation 

Here we define the canonical relation, which we will prove to be quantized by the scattering 
amplitude in the sense of semi-classical Fourier integral operators. We shall work in the 
following setting. Let X be a smooth manifold of dimension n > 1 such that X coincides 
with outside of B{0, Rq) for some Rq > 0. Let g he a Riemannian metric on X which 
satisfies the condition 



Let V G C^{X\B{0,RoY;R) . Let P (h) = ^h^Ag + V, < h < 1, withp(x,0 = ^U\\g + 



V{x) denoting its semi-classical principal symbol. We assume that for some A > the 
operator P{h) — A is of princiapl type. This implies that Sa = (A) is a smooth 2n — 1 
dimensional manifold. Let [xq, C,o) ^ ^\ with xq ^ -8(0, -Ro)'^ be such that there exists T > 
satisfying x{t;xo,^o) G B{0,RqY for all |t| > T. The curve 7(^0,^0) is called a non-trapped 
phase trajectory. Then it follows that there exists an open neighborhood W C T*X of 



(xo, ^0) such that for all (x', E W n Sa we have that x{t; x', G B{0, RqY for all |t| > T. 

Let, now, i : r*§"^i ^ T*W denote the inclusion map. Let ^ : T*W 3 (x, ^ x) G 
T* (M")*. Then L = o i) (r*§"-i) is a smooth submanifold of T*W and therefore 



are hypersurfaces transverse to Hp near ^{■;xo,^o). 

Since 'j{-',Xo,^o) is a non-trapped phase trajectory and since the support of the pertur- 
bation is compact, the Hamiltonian flow of p on near ■j{-;xo,C,o) outside the support of 
the perturbation is the free Hamiltonian flow defined by the equations 



gij (x) = 6ij for ||x|| > Rq. 




and 





with solution 




where by conservation of energy, we have that ^00 ^ 



n— 1 
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Figure 2: The scattering relation consists of the points ( v 2A6', z'\ v2Au;, w' ) as in this figure. 



Denoting pi = 7(-;a^O)^o) H -^i(A) we then have that for every (x, ^) G Lx (A) in a suffi- 
ciently small neighborhood of pi there exists a unique T (x, > such that 

exp (T(x,Oi^p) (x,0e^2 (A). 

Therefore, since Lx (A) and L2 (A) are hypersurfaces in transverse to near 7, we have 
that there exists an open set U C Ivi(A), pi G ?7, such that 



SRy (A) =<^ {x,i\y,ri) 



y 



(i?o-l)r/,V2Ar/J =exp(r(2,C)i/p)(2,C) 

is a Lagrangian submanifold of (T*§"-i x T*§"~\ tt^-ct + vr^a) , where tt^ : T*§"-i xT*^'^-^ ^ 
T*S'^~^, j = 1, 2, is the projection onto the j-th factor. We shall call SRu (A) the scattering 
relation at energy A (see Figure |2I). 

We now show how, under a certain geometric assumption, we can find a phase function 
which parameterizes the scattering relation near a non-trapped trajectory. To state the 
assumption, let us first introduce some notation. For 6 G S"~^ and 2; G 0"'" — Rq6, if 
7 (^■] z, v^2A6'^ is a non-trapped trajectory, then, as we saw above, there exist 

x^{9,z),^^{9,z)eW'', 11^00(^,^)11 =1, 
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such that 

7 (t; z, V2\6^ = (xoo {e, z) + tv^^oo z) , v^^oo ^)) , t » 0. 

We shall call such a non-trapped phase trajectory with initial direction 9 and final direction 
^ = ioo {9, z) , a a;)-trajectory. We, now, make the following 

Definition 2 If9o,uo E S"""*^ are such that 

^oo(6'o,2^') = t^o 

implies that the map 

6q — RqUq 3 z (Oq, z) E S"""*^ is non- degenerate at z', (16) 

then we shall say that ujq is regular for 6q. 

We remark that this definition is a rephrasing of condition (j2)). 
We then have the following 

Lemma 3 If uq E is regular for do G then 
(a) 9o^ ujQ. 

(h) There exist Oj C j = 1, 2, open, 9o E Oi, uq E O2, anc? a number L G N swc/i i/iai 

/or every {9,uj) G Oi x O2, ^/iere exist at least L {9,uj)— trajectories. 

Proof: We shall work in a local trivialization of T*S]^^ near T^^^^S^;^ and T*^^^§r;\ where 
S^~^ = {x G M" : = -Ro}- We first prove that ^0 7^ ^o- Assume that 9o = Uq. Then for 

every z G with ||2|| > Rq we have that ^00(^0, z) = 9q. Therefore det (^^^^^(^)) = 

for z G ^fj", 1 1 -2 1 1 > -R07 which is a contradiction with the regularity assumption. Thus it 
follows that 9q 7^ uoq^ which establishes (a). 

Let, now, z' G (Coo(^O) '))~^ (i^o)- Then, by the Inverse Function Theorem, there exist open 
sets O2 C S"""*^, ujq G O2 and C M"^\ 2;' G 2' such that ^00 U' (^o? ") is a diffeomorphism 
onto Og. Therefore, the set (^oo(^O) iy^o) is discrete. From the first part of this proof, it 
follows that (■^00(6*0, O)"^ ('^0) is also bounded. Therefore, it is finite and we shall denote its 
elements by {21, . . . , z^}, L G N. 

By the Implicit Function Theorem and the regularity assumption, we now have that 
there exist open sets Oi, O2 C S*^"^ with 6^0 G Oi and ojq G O2 and functions Zi G C°°(Oi x 
O2] M"""^), / = 1, . . . , L, such that zi{9q, uiq) = zi and .^00(6', zi{9, u)) = u, {9, u) e Oi x O2, 
which completes the proof of (b). □ 

Let, now, wi{9, u;) = 7 {9, u) , V2\9^ fl [Rquj + uj-^) . Then, as above we have that. 



SR. 



O1XO2'' 



(A) = I (V2\9, V2Xiu, zi{9, u) + {Rq - 1)9, wi{9, u) - {Rq - l)cj) 



y (17) 
u) E Oi X 02> 
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is a Lagrangian submanifold of T*(S" x ). Furthermore, vrl^^z^ ^ (^x) is a surjection, 
where tt : T*(S"'~^ x S""^) §"~^ x S""^ is the canonical projection. Therefore, after 
decreasing, if necessary, Oi x O2 around {60, uq) we have that there exists a function W; G 
C°°(Oi X O2) such that 

'^^kxO.(A) = {{m,dWi{m)) : m e Oi X O2}. 

Since we also have that SRo_^y^Q^{X) is a canonical relation and therefore, after possibly 
decreasing Oi x O2 further near (6'o,co'o), we can assume that 

det {ded^Wi{9, u)) ^ 0, (9, u) e Oi x O2. (18) 

We let 

SRi{\) = SR'o.,o,W (19) 

with Oi X O2 as in (jl8|) . We observe that (jl8p implies that the map Rquj + uj-^ 3 w ^ 
^00 G S"~^ is non-degenerate in a neighborhood of w;(^, c^;), {9,uj) G Oi x O2. 

For the {9,uj) trajectory defined by zi{9,u!) as in the proof of the Lemma, we shall use 
the subscript / to distinguish it from all other {9, u) trajectories. 

The same proof as in ^Hl Lemma 3.2] together with (jl8|) show that there exist < Sq < Si 
and To >> and open sets Ug^^ C M"~\ zi{9, u) G Ug^^, {9,uj) e Oi x O2, I = I, ■ ■ ■ , L such 
that 

/ dxi (t; -, v^^) \ 
det I -^-^^ 1- iy)W0 (20) 

for ^ G Oi, y G {^- : ^ G ?7^,,,s G [So, Si]} , u e O2, t > Tq. 

For {9,00) E Oi X O2 we now define the (modified) action along the segment of the /— th 

(6^, a;)-trajectory, 7 zi{9,u), V2\9^ , between the points yi (s; 9,uj) = Zi {9,u) — \/2\s9 G 

We, s G [5*1, 5*0] and xi{t, s, 9, u) = xi (^t; yi{s; 9, u), y/2\9^ , t > Tq. We choose a fixed t > Tq 
and we set 

^ ^ ft 

Si. 



•i {9, uj) = {yi {s- 9, u) , V2X9^ + j L (x,, xi) dt - (xi {t, s, 9, u) , V2Xlu'^ - At, (21) 

where L{x,x) = | — V{x) is the Lagrangian, and the integral is taken over the /— th 
bicharacteristic curve connecting yi{s]9,uj) and xi {t, s,9,uj) . We observe that, since the 
support of the perturbation is compact, Si{9,uj) is independent of s for s G [5*1, Sq]. 

Lemma 4 Let ujq G §"^^ be regular for 9q G Ei"'^^. 

Then SRi{X) = As,, where As, = {{9, u, dgSi, d^Si) : {9, uj) G S""^ x S"-^} , / = 1, . . . , L. 

Proof: 
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We consider 

d^Siie, uj) = {(yi {s- 6, uj) , v^^) + j^L {xi, xi) d?j - d^ ((x^ {t, s, 6, •) , ^/2X■)) (oo) 

= (^V2\lj, d^xiit, s, 9, ■){uj)^ - (y2\uj, d^xi{t, s, 9, ■){uj)'j 

- duj (^xi{t,s,9,uj), V2\-^ (uj) 
= -duj (xi (u;, 9, s, t) , \/2X-^ (u), 

(22) 

where fpUj) has allowed us to use [3 Theorem 46. C] to obtain the second equality. 

To compute deSi we first reparameterize the phase trajectories in the reverse direction, 
which is equivalent to considering the reverse of the initial and final directions. We further 
re-write Si {9, u) in the following way 



Si {9, io) = - (xi {s- 9, to) , V2Xto^ + / ^ + ^' ^) ' ^^^) - 



where xi (s; 9, to) = wi {9, to) + \/2Xtos, yi {t, s, 9, to) = xi \^t; xi {s; 9, to) , ~\/2Xtoj , s G [5*0, ^i], 

and the integral is taken over the bicharacteristic curve connecting xi (s; 9, to) and yi (t, s, 9, to) . 
We observe that this bicharacteristic curve is uniquely defined by (|18|) and (|2Up . 
Equations (fTHj) and (j^Uj) further allow us to proceed as in (j^^ and we obtain 

deSi{to,9) = de (^xi{s;9,to) ,V2Xto^ + L{xi,xi)dt^ + de (^(^yi {t, s,to,9) , y/2\-^^ {9) 
= de (^yi{t,s,9,to),V2X-'j{9). 

(23) 

From ()22|1 and ()2Hj) we therefore have that 5"/ is a non-degenerate phase function such that 

SRii\)=Asr □ 



3.2 Resolvent Relation 

We now define the Lagrangian submanifold which we will prove is quantized by the cut-off 
resolvent in the sense of semi-classical Fourier integral operator. 
We set 

Afi (A, J) = Utejgraphexp (tHp) 

where J C M is an open interval. We assume that for every (x, C.) G Sa and every t & J, 
exp (tHp) ((x, ^)) 7^ (x, • Then Ar (A, J) is a Lagrangian submanifold of (T*M" x T*M", a) , 
where a = Tila - n^a = d^ A dx - dr] A dy, where nj : T*W x T*M" T*M", j = 1, 2 is the 
projection onto the j— th factor. We define the resolvent relation as Afl(A) = A'^(A,M"'') fl 
T* (suppx2 X suppxi) • 
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4 Proof of Main Theorem 



We now turn to the proof of our Main Theorem. 

Proof: We first prove that the scattering amphtude belongs to P^S""^ x S'"~^). For that 



let ip e C 



oo /(gn— 1 



1^ 



have support in a coordinate chart on S' 



X S"-i with local 



coordinates \uj,9j and let ipi, 'ip2 G C°°(§" ^) be such that ijji x 11)2 = I on suppz/^. Then, 
since KAix,h) e x we have 




K 



A{X,h) 



< 



< c 



dOduj 




dOduj 



< Cp(A,/l)||g(^2(g„_i)) ||V^l||i2(§n-l) ||^2||l2(s„ 



where the last equality follows from 

TL — l 1 — n 3n — 13 n — 3 ,'5 — n,„, 

A{\, h) = h—\—2—TT—e'^—{S{\ h) - I) 



and the fact that S'(A, h) is a unitary operator on ^). 

We also observe that a direct calculation shows that txi o (7r2|A(A)) ^ (A/? (A)) is a La- 
grangian submanifold of T*S"~^ x T*S"~^. To prove the theorem, now, we first note that 



E_(A,/i) ®E+(A,/i) G J^''^^(§''-^ X X M'^ X R'^,A(A)) 



and we easily see that 
Let, now. 



7r2|A(A) IS an immersion. 



(24) 



A.e^l (l,§"-ix§"-^), j = l,...,Ar 

have symbols supported in a neighborhood of p and principal symbols vanishing on tti o 
{'^2\h{x)) (A/? (A)). From (j2H) and [H Lemma 7] we deduce that there exist D^Bj E 
(1, M^") , j = 1, . . . , A^, with symbols supported near the point 



such that 



q = (^Xq + tuo, Ho + 56^0, V2\uJo, —V2\9o^ for some s E [si, S2], t G [^1,^2] 

(vr2|A(A))* O-Q (Bj) = - (7ri|A(A))* (To (Aj) , j = 1, . . . , A^, 
(vr2|A(A))* c^o (D) = - (7ri|A(A))* CTO (C) , 



(25) 
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and 

n aA C (E_ (A, h) ® E+ (A, h))x = (E_ (A, h) ® E+ (A, /i)) x ■ ( J] ) ^ (26) 
0=1 / \j=i / 

near (p, q) , where x ^ C^(M" x M") is equal to 1 on suppx2 x supp Xi- 

Let, now, Y = [/i^A, X2] ® [/i^A, xi]*- Since Y e ^'^^^'^(IR^") we obtain from [H Lemma 
5] that 

YK^,Rix,H)^, G X R", A^(A)). (27) 

Therefore, from (1261). we have 



= c (n, A, h) (E_ (A, /i) ® E+ (A, h)) x ■ (jj DYK^,R^x,h)xi + OL2(sn-ix§n-i)(/i°°). 

(2J 

The choice of the operators Aj and ()25p now imply 

C^O (^i) |Afl(A) = 0,j = 1, . . . , A^. 
From ^ Lemma 5] we have again 

DYK^,R^,,,)^, e Il\R- X M", A«(A)). 

Therefore, 



n B, DYiq,n^,^,)^, = . (29) 



Lastly, as in the proof of Proposition 2.1], we have that 



= 0{h—), (30) 



where E^ (A, h) are the operators with Schwartz kernels 

for e (M") . 

We now substitute into (j2Hl) and use (jHUj) to obtain 

Therefore OT^(a,/.) G x §"-i,7ri (vtsUca))"' (Aij(A))) . 
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5 Applications 



Here we discuss two applications of the main theorem to compactly supported potential and 
metric perturbations of the Euclidean Laplacian. The setting is as follows. 

Let the setting be as in Section EIH The operators P (h) = \h?^g + V, < /i < 1, 
acting on = (M", dsroXg) and equipped with the common domain V = (M", dvolg) 
admit unique self-adjoint extensions, which we denote by the same notation. As before, we 
denote their resolvents by R {z, h) = {P{h) — z)~^ for z G C+ and use the same notation for 
their meromorphic continuations. Proposition 2.3 in |Hj states that there are no resonances 
in IR\{0} in the case of a smooth compactly supported potential perturbation. 

We define a non-trapping energy level as follows: 

Definition 3 Let {{x Xq, ^q) ,^{-',Xq,^q))} be the integral curve of Hp with initial condi- 
tions {xq,C,o) ■ The energy X > is non-trapping if for every r > 0, there exists s > such 
that (xo,^o) £ with \\xo\\ < r implies that ||x(s;xo,^o) || > ^ for every \s\ > t. We also 
introduce the notation T{r) for the infimum over s with this property. 

5.1 The Cut-off Resolvent as a Semi- Classical Fourier Integral Op- 
erator 

We now prove that the second assumption of our main theorem is satisfied in the setting we 
have just described. 



Theorem 1 Let \\xR (A, h) xhiL^R^.)) < C^h' for every x e 
Po G Ar{X) be such that ■y{-; vri(po)) is a non-trapped trajectory. 
Then there exists an open set V C A/j(A), po G V, such that 

X2i?(A,/i)xie Ji(M2",Fn A^(A)) . 



and some s G M. Let 



Proof: First, we prove that K^^R(x,h)xi ^ For this, let x e (M^") and let 

Pj G C^(M"\i?(0, -Ro)), i = 1,2, be such that p2 x Pi = 1 on suppx2 x supp Xi H suppx- 



Then, since K^^R^x,h)xi ^ ^ 



X2R{x,h)x 





Kx2R{xmi i^^ y)x{x, y)e-i^^-^^^+^y^^^^dxdy 
< I I \K^^R(^x,h)xii^,y)x{x,y)\dxdy 

- J J \^P2R{x,h)pi (a;, y) (P2 ® Pi) {x, y) I dxdy 

— l|P2|lL2(IRn) ||Pl|lL2(IRn) 

Pi IIb(l2(R")) 



which verifies the assertion. 
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To recall the representation of the resolvent, which we shall use to prove the lemma, we 
recall that for / G C^{W) 

~ (P (h) - A) £ ei''U{t)fdt = et^^t/(r)/ - /, 

where U{t) = e^Ti^^^^\ t G M is the unitary group of P{h). The same proof as in Lemma B.l, 
dU], shows that (1 - xo) U{T)f e S{W), Xo e C^{W), Xo = 1 on B{0,Ro). Since we can 
also think of R{X, h) as the limit lime^o,e>o =t ^e, h) in the spaces of bounded operators 
B {Ll,L\) , a > |, where 

Ll = {f: (xo + (1 - Xo)(x)") / G L\X,dYo\gW^)] , 

we obtain 

X2R (A, h)xi = lj^ ei'>^X2U{t)xidt + e^^^X2R (A, h) U{T)xi (31) 

and this is the representation of the resolvent, which we shall use in this proof. 

We further recall the well-known fact that U{t) e 2^(M^'',At), t G M, where A* = 
graph exp(t_ffp). Since po ^ (A) is such that 7 (■; 7ri(po)) is a non-trapped trajectory, there 
exists an open set C A/? (A) , po ^ ^) such that for every p G V^, 7 (■; 7ri(p)) is a non-trapped 
trajectory. By adjusting V, if necessary, we can assume that the same holds for all points 
in V . Let Q G (1, M^") be a microlocal cut-off to the neighborhood V as in (jH)) with a 
compactly supported symbol. First, we shall prove that Qi^x2R(A,/i)r/(r)xi = Oi,2(^^2n-^{h'^) for 
T > sufficiently large. By [TJ Lemma 3, (a)] and the choice of Q, we have that 

WFl {QK^,Rix,h)uiTm) = 0, (32) 

and therefore by Proposition 7.1, (i), [H], it follows that it is sufficient to prove that there 
exists T > such that for every T > T, WF/ \QK -irpih) ) = 0- This will follow, 

V X2R(A,/i)e h ^ 'xi/ 

if we prove that WF^ (K__ -irpw- ) H ^^liQ) ~ 0- prove the latter, consider 

mx,: -f-C')- ,(^2®V^i)e-^«-'^>+<-'^»), 

where suppV'2 x {O ^ supp^/^i x {77} c V. Let V\ C M" be a bounded open set such that 
supp '02 X {O ^ supp ^/^i X Vi C ?7 G Vi. Now for every 77 we have that WFh ^?/;ie~ ^^''^^ j = 
supp'?/'! X {77} is compact. This, together with ^ Theorem 1], ^ Lemma 6], and Lemma 
3, (c)], and the fact that U{t) G Xli^'^ , At),te M, allows us to conclude that 

WFl (f/(T)xi^ie-t<-'^)) c exp(Ti7,) (wfI (Vie-^^''^^)) ,V e V^. (33) 

After decreasing Vi, if necessary, we have, by the proof of^ Lemma 4], that the estimates 
in (|33|) can be made uniform in 77 G Vi. Since exp[THp) is a diffeomorphism, it follows 
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that U^gvi 6xp (THp) (^F/^ h^ ''^')^ j is compact. Further, as we are working with the 

outgoing resolvent, we have that 

WFl (/2(A,/i)[/(T)xi^/'ie-t<-'''>) C Ut>oexp{tHp) (wfI ([/(T)xi^/'ie-t 

C Ui>o exp {{t + T)Hp) (WFI (^le-^^''''^ 



By the non-trapping assumption, there exists T > such that for every T > T and every 
{y,ri) G supp'?/'! X Vi we have x(T;y,ri) G (suppx2)'^- We now let T > T be fixed and we 
have 

\ X2R{\h)e h ^ >xi I 

for every 77 G and uniformly in ,^ G f/, where [/ C a bounded open set such that 
supp ip2 X U X supp -i/^i X Vi C V. The proof of [TJ Lemma 4] , now shows again that the 
estimate here can be made uniform in 77 G Vi. We thus have that for every T > T 

WFl {QK^,nix,hmm.) = 0, (34) 
which, together with gives 

QKx2R(\,h)U{T)xi = C>L'2(R2n){h°°). (35) 

Let, now, Q G \E'°(1,]R^") have a compactly supported symbol. Then, since U(t) G 
2^(M2",A4), t g M, we have 

i r ± ^ . 

QQK^^B{\,h)xi = JlJ e^*^ {X2 ® Xi) Ku{t)dt + ei^^QQK^^R^x,h)u(T)xi = Ol^r^^) {h~^^^) . 

Let, now, Bj G (1, M^") , j = 1, . . . , k have compactly supported symbols and principal 
symbols bj vanishing on (A) and consider 

'' k \ 

tlBAQK^^RiXMxi- (36) 

We have that (A) = (UsgKA^) fl (S^ x S^) , and the intersection at every point is clean. 
Therefore, by Proposition C.3.1 0, vol. 3, we can choose local coordinates around p such 
that UsgRAs and Ea x Sa are given there by linear equations in the local coordinates. This 
implies that for every j = 1, . . . , k we can find functions Cj,gj,hj G (T*M") with cj 
vanishing on UggigAs, j = 1, . . . ,k, such that bj = Cj + {{p — A) ® 1) gj + {1 <S> {p — X)) hj. 
Now, for a,b & 'S'2n(l) have that Oph{a)Oph{b) = Oph{ab) + Ci3(L2(iR"))(^) and we can 
therefore rewrite (|36p as follows 

k \ / k 

\[BAQK^,n^x,H)x.= X{{Opu{c^) + Op^,{g,){{P{h)-\)®I) 



+ Oph{hj){I ® (P(/i) - A)) + hSj) ]QK. 



X2-R(A,/i)xi ; 
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where Sj G ^^(1, W'') and a{Sj) G Q°°(M^"), j = l,...,k. This we further rewrite as 

fc \ a'' / k \ 

n QK^,Rix,Hn, = E n ^' QKx2R(xmr > (37) 
u=i / 1=1 \i=i / 

where 

T,' e {0p,,(9), Op;,((7,)((P(/i) - A) ® J), Oph{h,){I ® {P{h) - A)), hS,} , 

I = 1, ... ,4'^, j = 1, . . . ,k. We now turn to analyzing the individual summands. As the 
superscript will not be important, we will omit it from the notation. 

We consider the case k > 1. The case k = 1 will be implicit in the discussion below. Let 
m G {2, . . . , A;} be the largest index such that 

Tm e {Oph{Cm), hSm] 

and 

T„„i G {OpH{9m.^i){{P{h) - A) ® /), Op,,(/i^„i)(/ ® {P{h) - A))}. 
We first assume that Tm = Oph{cm)- Since 

t 

and ao{Tm) and (To(Tm-i) vanish on the Lagrangian submanifold A/j(A) near p, it follows 
that (To([Tm, Tm-i]) also vanishes on Ai?(A) near p. Therefore we have, as before, that 

ao([r„, Tm-i]) = c + ~g{{p + h{l ®{p- A)) 

for some c,g,h G C^(M^") with supports in a sufficiently small neighborhood of p and 
c|u,«A. = 0. Thus 



T T 

= Op,,(c) + Oph Cg) i{P{h) - A) ® J) + Op, (h^ (/ ® (P(/i) - A)) (38) 

+ TmTm^i + hf 

where T G ^^(1,]R2'^) and a (f^ G C;?^(M^") and we use the latter expression in §^ to 

replace Tm-iTm in the product above. 

If, now, Tm = hSm we rewrite Tm-iTm = TmTm-i + [T^-i, T^] in the product above and 
observe that [T^„i,T^] G *^2(1,M^"). 

We iterate this process until each product which appears in (j37p . where we may now have 
more than 4^ products, is of the form 

ki 

h'-'^U^j, fciG {!,..., A;}, 
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where for some jo G {0, . . . , fci} we have that 

for Jo < J < h, Qj e {OpH {gj) {{P{h) - A) ® J), Op, [h]) (J ® {P{h) - A))} , 

for some g^h] e C^iR^""), 
forl<j<jo, Q, G{0p,(cj),/i5]}, 

for some c] E (T*M"), c]|u,,,a, =0,Sje ^1{1,R'''), a{Sj) E Cr(M'"), 

with all symbols supported in a sufficiently small neighborhood of p. 

Next, we let fh E {2,...,ki} denote the largest index for which we have T^-i = 
Oph{c^_i) and = hS^. We then replace Tm^iTfh by TmTm^i + [Tm~i,Tm] in the product 
above and observe that [T^_i,T^,] E ^^^(1,M2") and a ([T^,_i,T^]) G C;?^ (M^") . 

We repeat this procedure until every product which appears in ()37p is of the form 

h'-''l[V,, k2E{l,...,k}, 

i=i 

where for some ji, 72 G {0, . . . , /C2}, ji < j2, we have that 

for j2 < J < k2, V, E {Oph [g]) mh) - A) ® /), Oph (/i?) (/ ® (P(/i) - A))} , 
for some g^h^. E 



for ji < J < j2, = Oj9,(c2), for some G C,-(T*M'^), c; 



,2 1 



UtciiAt 



for 1 < J < Ji, = for some 5| G ^^(1, M^"), G C,^(M^"), 

where again all symbols are supported in a sufficiently small neighborhood of p. 

We shall again omit the superscripts from the notation below. We also observe that the 
symmetry of -f^x2R(A,/i)xi allows us to assume that 

Vj = Op, (g,) mh) - A) ® /), g, E C,-(M^"), j2 < j < k^. 

We now analyze 

mh)-X)^I)QK^,nix,hn. ,33. 
= [{P{h) - A) ® /, Q] K^2Rix,hn. + Q{{-h'A-X)®l) K.^,Rix,,y^, 

To analyze the second term, we consider 

= {-h'Ax2) R (A, h) xi - (Wx2, hV)R (A, h) xi - X2 {h^A - \) R (A, h) xi 
= {-h'Ax2) R (A, h) xi - (Wx2, hV)R (A, h) xi 
and therefore 

\\Q {{-h^A - A) ® /) i^X2fl(A,h)xiL2(K2n) 

/ 11 11 11 „ X (40) 

< Ch ||<5-^(Ax2)iJ(A,h)xi|L2(]R2n) + ||<5-^(Vx2,W>fl(A,fc)xi||i2(IR2n)^ 
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Now, 

i2,hV)U(t)xidt 



i f 

= e^'''Qi{'^X2,hV)®Xi)Kuit)dt (41) 

= ^ ^ e^*^ (Op/.(g((Vx2, ® Xi)) + /^Op,, (g)) Kuit)dt, 
where the first equahty follows from (j34j) and q G C^(M^"). From 

g((Vx2,0®xi)e5L(i)ncr(M^") 

it follows that Oph{q{{Vx2,0 ® Xi)) = Ot3^L\M.^-)){l)- Since f/(t) G J^(M2", A,), t g M, we 
then have that 

||0ph(g(x2®xi)(p® l))^c/(t)IL2(K2„) = 

with the norm depending on t continuously. Therefore, from (j4H) . we obtain 

||<3^(Vx2,W>R(A,/i)xi ||L2(R2n) = O (/i" 2"^) . (42) 

From 

we conclude similarly that 

\\QK(^Ax2)R{x,h)xi |Il2(m2") = ^ (^^'~^) • (43) 
Also in the same way we obtain 

[{P{h) - J) ® J, Q]K^Ax2)R{x,h)xi = Ol2(r2") {h-^) (44) 

From dnni), (SOI), (in, (m, (m, and the fact that Oph{g) = Ob(l2(ir2„))(1) for any g G 
C~fM^"), we then obtain that 



\\Op,{g){{P{h) - A) ® /)Qi^x2iJ(A,h,)xJL2(M2.) = (/^^^) , (45) 

Let, now, / G C^(M^") also have support near p. Then 

Op,(/) ((P(/i) - A) ® /) Op,((7) ((P(/i) - A) ® /) QK^2Rix,h)xr 
= OpnU)Oph{g) mh) - A) ® If QK^2R(x,h)x. 
+ Op,(/) [(P(/i) - A) ® /, 0|>,((?)] ((P(/i) - A) ® /) QKx2ii(A,.)xi • 

From (gSI) and the fact that [(P(/i) - A) ® /, Oj9ft,(^)] G ^^^(1,M2") we obtain 

Op,(/)[(P(/i) - A) ® /, Op,(^7)] ((P(/i) - A) ® /) Qi^x2fi(A,h)xi = C?L2(R-) (/i^-t) . (46) 
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The same argument as in ()45j) also implies that 

Oph{f)Ophig) mh) - A) ® If QK^,Rix,h)x. = OL^i^2.) (/.i-t) (47) 
and we obtain, from (j46|) and (j47p . 

\\Op,{f) mh) - A) ® /) Op.ig) mh) - A) ® /) QK^,Rix,H)^, = O {h'-^) . 

Iterating this argument, we then have that 



n ^0^^' 

Vj=j2 + 1 / 



X2-R(A,/i)xi 



L2(IR2n) 



We now observe that 



k2 \ 
\3=j2+l / 

+ h'^-^^OpUe,,) K,^Pn^,,,^^,, 

where Xsih) is polynomial in h with smooth coefficients with supports contained in suppx2, 
X4 e C^(M") is such that suppx4 ^ suppx2, P G \[^°(1,M^"') with a is supported in a 
sufficiently small neighborhood of p, G C^(M'^"). Therefore 



J2 



fc2 



n n ^.>' 



^j=ii+i 



Vi=i2+i 



X2-R(A,/i)xi 



J2 



v=ii+i 



+ h^^-^^-H r e^*" ( n Oph (e, J (X2 ® Xi) ^i/w^it 



o 



where we have again used dSl and the fact that U{t) G J)J(M2", At), t G M,. 
Lastly, from the fact that Vj G ^;;^(1,R2"), 1 < j < ji, we have that 



' k \ / k2 \ 



X2R{X,h)xi = Cl2(M2") {h'' ^ 2) 



which completes the proof of the theorem. 



□ 
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5.2 Non- Trapping Energy Level 

Theorem 2 Let X > be a non-trapping energy level for P. 
Then amplitude A (A, h) G x|(S"^^ x SR (A)). 

Proof: We recall from j^I] that ||X2-R (A, /i) Xi||B(L2(Rn)) = C (^) . Then the result follows 
from Theorem ^ and the main theorem. □ 

5.2.1 A Simple Inverse Problem 

Following a suggestion of Plamen Stefanov we include a discussion of an inverse problem 
motivated by Theorem |21 Suppose that P = —h'^A + V, where V is compactly sup- 
ported and smooth, that satisfies the general assumptions of this article. Suppose that 
A > maXj-gRn V+{x) so that the energy level A is clearly non-trapping. Let V further be such 
that the metric (A — V{x))dx'^ is simple. We have the following 

Theorem 3 For P and A as above, the scattering relation, and hence by Theorem the 
scattering amplitude, determine V uniquely. 

Outline of proof : We compare this with the problem of the wave equation with variable wave 
speed defined as 

c(x) = (A-y(x))-5. 

Then the function c is equal to 1/ for large x. We have a new Hamiltonian p — 1 = 
c~'^{x) — 1. These Hamiltonians have the same integral curves but they are parameterized 
in different ways. Hence the scattering relation for this Schrodinger equation is that related 
to the metric gi{x) = c~'^{x)dx'^. It is now implicit in that the scattering relation for 
the metric gi determines the boundary distance function uniquely. The results of ^2] and 
further imply that the boundary distance function determines uniquely a simple metric 
conformal to the Euclidean, in particular, it determines c and therefore V. □ 

5.3 Trapping Energy Level 

Here we consider a trapping energy level A > 0. We make the following assumption 
Assumption 3 

3 e > : the resonances Xj satisfy 

P (Aj) I > Ch'' for ^ (Aj) G [A - e, A + e] . 

We let V C Ar(A) be as in Theorem^ Then for every (x, ^) G vri(V) there exist unique 
tj (x,^) G M such that exp (tj (x,^) Hp) (x,^) G Lj (A) , j = 1, 2. As in Section 13.11 we have 
that there exists an open set U C U^x,i)eTn(v) 6xp {ti {x, ^) Hp) (x, ^) such that we can define 
the scattering relation SRu (A) as in Section 13.11 By decreasing U, if necessary, we can 
further assume that SRjj (A) is a Lagrangian submanifold of T*Ei"'~^ x T*S"~^. 

Under these assumptions we have the following 
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Theorem 4 A{X, h) G X|(S"-^ x S"-\ SRfj (A)). 

Proof: Let C G ^'^ (1, x S"^^) have compactly supported symbol which does not vanish 
in a neighborhood of a point p G 5*/?^; (A) . 

We recall the following result contained in the proof of Proposition 5.1, [H]. 

Proposition 1 Let Assumption\^hold. Then there exists fi G N such that 

llxi?(2,/^)x||B(L2(Mn)) = O(/i^"),/i^0, 

uniformly for z G G C : {^z,±'^z) G {\,d) x (0, 1]} an^x e (M") , x = 1 on 5 (0, p) , 
/or p large enough. 

This Proposition was proved in [Hj for a certain class of potential perturbations of the 
Euclidean Laplacian. The proof there, however, relies only on Lemma 4.1, and the 
latter is proved in the black-box setting. Therefore the above Proposition holds also in the 
setting discussed here. 

From Theorem m we have that X2-R(A, h)xi G X\ (M^", V fl A^(A)) and the assertion of 
the Theorem now follows by the main theorem. □ 

5.4 Microlocal Representation of the Scattering Amplitude 

Here we prove the following 

Theorem 5 Let uoq G he regular for 6q G S""""^ and L & N be the number of (6'o, ujq) 

phase trajectories. Let Pi G \E'°(1, S"""*^ x §"^^), / = 1,...,L, be microlocal cut-offs to the 
Lagrangian submanifolds SRi{\) defined by (fT^. respectively. 
Then 

PiA{X,h) = e^^'ai, / = 1,...,L, 

— +1 

where 5;, / = 1, . . . , L, are as given by and ai G S2n-2i^)^ ^ = 1; • • • > have compact 
support. 

Proof: By Theorem |21 and Theorem IH the scattering amplitude is a global semi-classical 
Fourier integral operator associated to Ujl^iSRi^X). The assertion of the Theorem then follows 
from Lemma I3J Lemma 5], and ^ Theorem 1]. □ 

We remark here that the phase function in this microlocal representation of the scattering 
amplitude is the same as the one given by [Hj and |l(ij . 
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